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A measure i on a Boolean algebra A is a finitely additive function
u: A — R of finite total variation, that is,
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A measure i on a Boolean algebra A is a finitely additive function
u: A — R of finite total variation, that is,

]l = sup {lu(A)| +|u(B): A, B e A,ANB = 04} < oo
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The Nikodym property

A measure ;1 on a Boolean algebra A is a finitely additive function
u: A — R of finite total variation, that is,

|12l = sup {|(A)| + |u(B): A, B e A,ANB =04} < 0.

A sequence of measures (u,:n€w) on Ais
e pointwise null if p,(A) — 0 for every A€ A,

@ uniformly bounded if sup,, | pn| < oo.
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The Nikodym property

A measure ;1 on a Boolean algebra A is a finitely additive function
u: A — R of finite total variation, that is,

Il = sup {|u(A)| + [(B): A, B € A, An B =04} < oo.

A sequence of measures (u,:n€w) on Ais
e pointwise null if p,(A) — 0 for every A€ A,

@ uniformly bounded if sup,, | pn| < oo.

Nikodym property of Boolean algebra

A Boolean algebra A has the Nikodym property if every pointwise
null sequence of measures on A is uniformly bounded.
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@ o-algebras (Nikodym '30),
<O 4 Fr < =Er (=) = A
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@ o-algebras (Nikodym '30),
@ algebras with Subsequential Completeness Property
(Haydon '81),
«O>» «Fr «Zr «=>» = HAr
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The Nikodym property - examples

Examples of Boolean algebras with the Nikodym property
@ o-algebras (Nikodym '30),
@ algebras with Subsequential Completeness Property
(Haydon '81),
@ the algebra of Jordan measurable subsets of [0, 1]
(Schachermayer '82).
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The Nikodym property - examples

Examples of Boolean algebras with the Nikodym property
@ o-algebras (Nikodym '30),
@ algebras with Subsequential Completeness Property
(Haydon '81),
@ the algebra of Jordan measurable subsets of [0, 1]
(Schachermayer '82).

However, if the Stone space St(.A) of ultrafilters on A contains a
non-trivial convergent sequence, then A does not have the
Nikodym property:
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The Nikodym property - examples

Examples of Boolean algebras with the Nikodym property
@ o-algebras (Nikodym '30),
@ algebras with Subsequential Completeness Property
(Haydon '81),
@ the algebra of Jordan measurable subsets of [0, 1]
(Schachermayer '82).

However, if the Stone space St(.A) of ultrafilters on A contains a
non-trivial convergent sequence, then A does not have the
Nikodym property:

if x, = x, then consider the sequence of measures i, = n(dx, — dx)-
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F - a free filter on w

Ng =w U {pr}, where pr ¢ w, with the following topology:
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F - a free filter on w

Ng =w U {pr}, where pr ¢ w, with the following topology:

@ every point of w is isolated in N,

«O> «Fr « = Q>

v



F - a free filter on w

Ng =w U {pr}, where pr ¢ w, with the following topology:
@ every point of w is isolated in N,

e U is an open neighborhood of pg iff Au{pg} for some A€ F
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Ng spaces

NE spaces
F - a free filter on w
Ng =w U {pg}, where pr ¢ w, with the following topology:

@ every point of w is isolated in N,

e U is an open neighborhood of pg iff Au{pg} for some A€ F.

Trivial example |

NE, is homeomorphic to a convergent sequence (together with its
limit), where by Fr we denote the Fréchet filter on w
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Ng spaces

Ng spaces
F - a free filter on w
Ng =w U {pg}, where pr ¢ w, with the following topology:

@ every point of w is isolated in N,

e U is an open neighborhood of pg iff Au{pg} for some A€ F.

Trivial example |

NE, is homeomorphic to a convergent sequence (together with its
limit), where by Fr we denote the Fréchet filter on w

Question |

For which filters F on w, if Ng embeds into the Stone space St(.A)
of a Boolean algera A, then A does not have the Nikodym
property?
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A Borel measure i on a topological space X is finitely supported if

=21, ajdy for some ai,...,a, € R and distinct xg,...,x, € X.
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A Borel measure i on a topological space X is finitely supported if

=21, ajdy for some ai,...,a, € R and distinct xg,...,x, € X.

In this case we have |u| = Y7 o] and supp(pn) = {x1, ..., xn}
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Main definition

A Borel measure © on a topological space X is finitely supported if
=21, ajdy for some ai,...,a, € R and distinct xg,...,x, € X.

In this case we have |u| = X7 |ovi| and supp(pn) = {x, ..., xn}.

Nikodym property of filter

F - a free filter on w
We say that F has the Nikodym property if there is no sequence
of finitely supported measures (u,:n € w) on Ng such that
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Main definition

A Borel measure © on a topological space X is finitely supported if
=21, ajdy for some ai,...,a, € R and distinct xg,...,x, € X.

In this case we have |u| = X7 |ovi| and supp(pn) = {x, ..., xn}.

Nikodym property of filter

F - a free filter on w
We say that F has the Nikodym property if there is no sequence
of finitely supported measures (u,:n € w) on Ng such that

® |ptn| = eo, and
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Main definition

A Borel measure © on a topological space X is finitely supported if
=21, ajdy for some ai,...,a, € R and distinct xg,...,x, € X.

In this case we have |u| = X7 |ovi| and supp(pn) = {x, ..., xn}.

Nikodym property of filter

F - a free filter on w
We say that F has the Nikodym property if there is no sequence
of finitely supported measures (u,:n € w) on Ng such that

® |ptn| = eo, and

@ 11n(A) = 0 for every A e Clopen(NEg).

Tomasz Zuchowski The Nikodym property and filters on w




Main definition

A Borel measure © on a topological space X is finitely supported if
=31, aidy for some ai,...,a, € R and distinct xq,...,x, € X.

In this case we have |u| = X7 |ovi| and supp(pn) = {x, ..., xn}.

Nikodym property of filter

F - a free filter on w
We say that F has the Nikodym property if there is no sequence
of finitely supported measures (u,:n € w) on Ng such that

® [pn| = oo, and
@ 1n(A) — 0 for every A e Clopen(NEg).

(we call such a sequence of measures anti-Nikodym).
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Main definition

A Borel measure © on a topological space X is finitely supported if
=31, aidy for some ai,...,a, € R and distinct xq,...,x, € X.

In this case we have |u| = X7 |ovi| and supp(pn) = {x, ..., xn}.

Nikodym property of filter

F - a free filter on w
We say that F has the Nikodym property if there is no sequence
of finitely supported measures (u,:n € w) on Ng such that

® [pn| = oo, and
@ 1n(A) — 0 for every A e Clopen(NEg).

(we call such a sequence of measures anti-Nikodym).

AN - the class of all ideals on w whose dual filters do not have the
Nikodym property
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A - a Boolean algebra

St(\A) - the Stone space of A, i.e. the space of all ultrafilters on A
endowed with the standard topology
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A - a Boolean algebra

St(\A) - the Stone space of A, i.e. the space of all ultrafilters on A
endowed with the standard topology
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Main motivation

A - a Boolean algebra

St(.A) - the Stone space of A, i.e. the space of all ultrafilters on A
endowed with the standard topology

Theorem

If Ne homeomorphically embeds into St(.A) and F does not have
the Nikodym property, then A does not have the Nikodym
property.
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Characterization in terms of non-negative measures

Proposition

If a filter F on w does not have the Nikodym property, then there
is an anti-Nikodym sequence of measures (u,) on Ng which is
disjointly supported, that is, supp(uux) N supp(u;) =@ for every
k#/lew.
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Characterization in terms of non-negative measures

Proposition

If a filter F on w does not have the Nikodym property, then there
is an anti-Nikodym sequence of measures (u,) on Ng which is
disjointly supported, that is, supp(uux) N supp(u;) =@ for every

k # | € w. Moreover, we may have supp(j,) Cw for every n € w.
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Characterization in terms of non-negative measures

Proposition |
If a filter F on w does not have the Nikodym property, then there
is an anti-Nikodym sequence of measures (u,) on Ng which is
disjointly supported, that is, supp(uux) N supp(u) =@ for every

k # | € w. Moreover, we may have supp(j,) Cw for every n € w.

Theorem |

A filter F on w has the Nikodym property if and only if there is no
sequence (jun: n € w) of finitely supported non-negative measures on
Ng with disjoint supports such that:
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Proposition |
If a filter F on w does not have the Nikodym property, then there
is an anti-Nikodym sequence of measures (u,) on Ng which is
disjointly supported, that is, supp(uux) N supp(u) =@ for every

k # | € w. Moreover, we may have supp(j,) Cw for every n € w.

Theorem |

A filter F on w has the Nikodym property if and only if there is no
sequence (jun: n € w) of finitely supported non-negative measures on
Ng with disjoint supports such that:

@ supp(un) Cw for every new,
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Characterization in terms of non-negative measures

Proposition |
If a filter F on w does not have the Nikodym property, then there
is an anti-Nikodym sequence of measures (u,) on Ng which is
disjointly supported, that is, supp(uux) N supp(u) =@ for every

k # | € w. Moreover, we may have supp(j,) Cw for every n € w.

Theorem |

A filter F on w has the Nikodym property if and only if there is no
sequence (jun: n € w) of finitely supported non-negative measures on
Ng with disjoint supports such that:

@ supp(un) Cw for every new,

@ lim, e pin(w) = o0,
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Characterization in terms of non-negative measures

Proposition |
If a filter F on w does not have the Nikodym property, then there
is an anti-Nikodym sequence of measures (u,) on Ng which is
disjointly supported, that is, supp(uux) N supp(u) =@ for every

k # | € w. Moreover, we may have supp(j,) Cw for every n € w.

Theorem |

A filter F on w has the Nikodym property if and only if there is no
sequence (jun: n € w) of finitely supported non-negative measures on
Ng with disjoint supports such that:

@ supp(un) Cw for every new,
@ limp_e0 ptn(w) = 00,

@ limy_oo ptn(w\A) =0 for every A€ F.
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¢:P(w) = [0, 00] is a submeasure if
e ©(2)=0and p({n}) < oo for every new,
@ o(X) <p(Y) whenever XY,

@ p(XUY)<p(X)+p(Y) for every X, Y cw.
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Submeasures on w

Definition
©:P(w) — [0,00] is a submeasure if
@ ©(2)=0and p({n}) < oo for every n € w,
@ o(X) <p(Y) whenever XY,
@ P(XUY)<p(X)+e(Y) for every X, Y cw.

A submeasure ¢ on w is lower semicontinuous (Isc) if
©(A) =limp.0 (AN [0, n]) for every Acw. In particular, every
non-negative measure 1 on w is an Isc submeasure.
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Submeasures on w

Definition
©:P(w) — [0,00] is a submeasure if
@ ©(2)=0and p({n}) < oo for every n € w,
@ o(X) <p(Y) whenever XY,
@ P(XUY)<p(X)+e(Y) for every X, Y cw.

A submeasure ¢ on w is lower semicontinuous (Isc) if
©(A) =limp.0 (AN [0, n]) for every Acw. In particular, every
non-negative measure 1 on w is an Isc submeasure.

Exhaustive ideal

© - Isc submeasure
The following ideal on w is called the exhaustive ideal of ¢:

Exh() = {A € w:limyse p(A\[0, n]) = 0}
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For submeasures ¢, 1 we write ¢ < ¢ if 1)(A) < p(A) for all Ac w.
«4O0>» «Fr «=)r « =) = Q>
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For submeasures ¢, 1 we write ¢ < ¢ if 1(A) < p(A) for all Acw

A submeasure ¢ is non-pathological if for every A € w we have:
w(A) = sup{,u(A):u is a non-negative measure on w s.t. u < go}
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Special types of submeasures

For submeasures ¢, 1) we write ¢ < ¢ if 1(A) < ¢(A) for all Acw.

Non-pathological submeasure

A submeasure ¢ is non-pathological if for every A € w we have:
w(A) = sup{u(A):,u is a non-negative measure on w s.t. p < go}

Trivially, every non-negative measure on w is non-pathological.
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Special types of submeasures

For submeasures ¢, we write ¥ < ¢ if ¥(A) < p(A) for all Acw.

Non-pathological submeasure |

A submeasure ¢ is non-pathological if for every A € w we have:
w(A) = sup{u(A):u is a non-negative measure on w s.t. p < 90}

Trivially, every non-negative measure on w is non-pathological.

Density submeasure |

A submeasure ¢ is a density submeasure if there exists a sequence
(pn: n € w) of finitely supported non-negative measures on w with
disjoint supports such that ¢ = sup,c,, tn-
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Special types of submeasures

For submeasures ¢, we write ¥ < ¢ if ¥(A) < p(A) for all Acw.

Non-pathological submeasure |
A submeasure ¢ is non-pathological if for every A € w we have:

w(A) = sup{u(A):u is a non-negative measure on w s.t. p < 90}
Trivially, every non-negative measure on w is non-pathological.

Density submeasure

A submeasure ¢ is a density submeasure if there exists a sequence
(pn: n € w) of finitely supported non-negative measures on w with
disjoint supports such that ¢ = sup,c,, tn-

An example is an asymptotic density on w defined by:

d(A) = suppe, |AN [27,271)] /2",
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Let F be a filter on w. Then, the following are equivalent:
«O> «Fr « = 4 P NEd
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Let F be a filter on w. Then, the following are equivalent:
@ F does not have the Nikodym property;
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The Nikodym property and submeasures

Theorem
Let F be a filter on w. Then, the following are equivalent:
@ F does not have the Nikodym property;

@ there is a density submeasure ¢ on w such that ¢(w) = oo and
F c Exh(p)*;
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The Nikodym property and submeasures

Theorem
Let F be a filter on w. Then, the following are equivalent:
@ F does not have the Nikodym property;

@ there is a density submeasure ¢ on w such that ¢(w) = oo and
F c Exh(p)*;

@ there is a non-pathological Isc submeasure @ on w such that
p(w) = o0 and F ¢ Exh(p)*.
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Let Z and J be ideals on w. We write that Z <x J if there is a
function f:w — w such that f1[/] e J for all /€.
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Let Z and J be ideals on w. We write that Z <x J if there is a

function f:w — w such that f1[/] e J for all /€.

We denote Z <x J when Z <x J and J ¢k Z.
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Let Z and J be ideals on w. We write that Z <x J if there is a
function f:w — w such that f1[/] e J for all /€.

We denote Z <x J when Z <x J and J ¢k Z.
There exists a family {J,:a <0} of density ideals from AN such
that for any T € AN there is o <0 such that T <k J,.
«O>» «Fr «Zr «=>» = HAr
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Katétov preorder

Definition

Let Z and J be ideals on w. We write that Z <x J if there is a
function f:w — w such that f1[/] e J for all /e Z.

We denote Z <x J when Z <x J and J ¢k Z.

Theorem

There exists a family {J:« <0} of density ideals from AN such
that for any T € AN there is o <0 such that T <k J,.

However, there is no <x-maximal element in AN
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Katétov preorder

Definition

Let Z and J be ideals on w. We write that Z <x J if there is a
function f:w — w such that f1[/] e J for all /e Z.

We denote Z <x J when Z <x J and J ¢k Z.

Theorem |

There exists a family {J:« <0} of density ideals from AN such
that for any T € AN there is o <0 such that T <k J,.

However, there is no <x-maximal element in AN

Theorem
For every T € AN there is J € AN such that T <x J.
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space C(St(A)) has the Grothendieck property.

A Boolean algebra A has the Grothendieck property if the Banach
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Comparison with the Grothendieck property

Grothendieck property of Boolean algebra
A Boolean algebra A has the Grothendieck property if the Banach
space C(St(.A)) has the Grothendieck property.

Not easy to distinguish with the Nikodym property!
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Comparison with the Grothendieck property

Grothendieck property of Boolean algebra |

A Boolean algebra A has the Grothendieck property if the Banach
space C(St(A)) has the Grothendieck property.

Not easy to distinguish with the Nikodym property!

Nikodym property vs Grothendieck property

@ (Schachermayer, 1982) the algebra of Jordan measurable
subsets of [0,1] has (N) but not (G)
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Comparison with the Grothendieck property

Grothendieck property of Boolean algebra |

A Boolean algebra A has the Grothendieck property if the Banach
space C(St(A)) has the Grothendieck property.

Not easy to distinguish with the Nikodym property!

Nikodym property vs Grothendieck property

@ (Schachermayer, 1982) the algebra of Jordan measurable
subsets of [0,1] has (N) but not (G)

o (Talagrand, 1984) example under the Continuum Hypothesis
of the algebra with (G) but without (N)
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Comparison with the Grothendieck property

Grothendieck property of Boolean algebra |

A Boolean algebra A has the Grothendieck property if the Banach
space C(St(A)) has the Grothendieck property.

Not easy to distinguish with the Nikodym property!

Nikodym property vs Grothendieck property

@ (Schachermayer, 1982) the algebra of Jordan measurable
subsets of [0,1] has (N) but not (G)

o (Talagrand, 1984) example under the Continuum Hypothesis
of the algebra with (G) but without (N)

@ (Sobota & Zdomskyy, preprint 2023) example under the
Martin's Axiom of the algebra with (G) but without (N)
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Let F be a filter on w and A a Boolean algebra. Then,

o if Ng has the BJN property and embeds into St(A) then A
does not have the Grothendieck property;
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Comparison with the BJN property

Theorem (Marciszewski, Sobota)
Let F be a filter on w and A a Boolean algebra. Then,

@ if Nr has the BJN property and embeds into St(A) then A
does not have the Grothendieck property;

@ Ng has the BJN property iff F* <x Z(= Exh(pq)).
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Comparison with the BJN property

Theorem (Marciszewski, Sobota)
Let F be a filter on w and A a Boolean algebra. Then,

@ if Nr has the BJN property and embeds into St(A) then A
does not have the Grothendieck property;

@ Ng has the BJN property iff F* <x Z(= Exh(pq)).

Theorem
For a density ideal T on w we have T € AN if and only if T <k Z.
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Thank You! :)
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